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It is generally known that with reverse bending one can
push vy, {transition y) to ® in a lattice (V.V. Vladimirski
and E.K. Tarasov, "Theoretical Problems of the Ring Acceler-
ators," Moscow, Academy of Sciences, 1955). We want to show
here that the same can be accomplished by judicious insertion
of the mT-straight sections (A.A. Garren, p. 22, Proceedings
of the V International Ceonference on High Energy Accelerators,
Frascati, 1965). This effect was noticed, for example, in
the lattice of the 500 MeV booster proposed for the Argonne
ZGS (Argonne National Laboratory Accelerator Division Proposal,

June 1969).
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I, GEOMETRICAL OBSERVATION

L (on—-momentum (off-momentum
closed orbit) closed orbit)
Figure 1

In an AG lattice if the on-momentum closed orbit is shown
stretched out as straight line L (Fig. 1), the off-momentum
orbit is oscillatory about line L. Because of the curvature
of L (say, downward) an inward-swing section such as AB of
the off-momentum orbit has a negative first-order length incre-
ment and an outward-swing section such as BC has a positive
first-order length increment. The net orbit length increment
is generally positive but rather small and corresponds roughly
to that of the mean orbit shown as dotted straight line Lp.

An AG lattice, therefore, generally has a small dispersion
orbit-length increment, hence a large momentum compaction.

The concept of reducing (to zero) the dispersion orbit-
length increment by introducing reverse bending is as follows:
If the curvature of the on-momentum orbit L is reversed over
the section BC the first-order orbit-length increment over

BC will also reverse sign and become negative. The combined
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orbit-length increment over AB and BC will, then, have a
large excess negative value. By introducing a few such
reverse bends it is possible to totally compensate the small
net positive orbit-length increment corresponding to that of
Lp and obtain a zero total dispersion orbit-length increment,
hence « momentum compaction and infinite Vi
An interesting variance of this concept is the following:
Instead of a reverse bend over BC one can make the orbit
curvature zero, i.e., make section BC into a m-straight
section. 1In this case the first-order orbit-length increment
over BC is zero and the combined increment over AB and BC
still has a large excess negative value although it is only
roughly half that of the case with the reverse bend. Zero
total dispersion orbit-length increment and infinite Y can
similarly be attained. Compared to the case with reverse
bending the 7-insertion lattice has the following practical
advantages:
(a) No reverse bending magnet is required.
(b) Long straight sections in a lattice are needed
anyway for injection, extraction, rf cavities, etc.
It is clear from the discussion that any matched long
straight section with a large phase advance close to T can
be used effectively over section BC. But m-straight section

is the simplest and can be analyzed most easily.
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IT1. DISPERSION FORMALISM

We will write the 3 x 3 horizontal optics—dispersion

transfer matrix as

a b e
¢ da f£]= (M|D) (1)
0 0 1

where

a b
M = ( } = 2 x 2 optics transfer matrix
c d

e
D = ( ) = dispersion transfer vector.
£

The following rules of multiplication are obvious:

3

(a) If a dispersion vector {E'| is written as

1
H—(E—:)
g .
then
(M|D)E = ME + D. {2)
(b) (M2|D2)(M1|Dl) = (M2M1|M2D1+D2) (3)
(c) D)™ = (Mn|(;~Mn (l-M)_lD . (4)

X
(d) If (M|D) is across a periodicity cell and X = (x') is
the periodic dispersion vector (this is conventionally

X
written as ? , but since in this paper we will deal

X
P
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only with the dispersion vector and never with the free
oscillation vector we can, without confusion, drop the

subscript p), then

(M|D)X = MX+D = X
and

D = (1-M)X. (5)

(e) Tor the m-straight section the optics-dispersion

transfer matrix is (-1|0).

III. EFFECT OF m-STRAIGHT SECTION INSERTION

j‘f ]l? i 3 } T — |
*“ S (M2|D2) ‘A< M alPa —->-|
(MllDl) (MP|DP) ]

Figure 2

We start with a lattice without m-insertion (Figure 2).
The distance between A and B is one repetition length which may
contain many cells. We need the following relations between the
optics~dispersion transfer matrices defined in Fig. 2. From A

to B we have

(MA|DA) = (M2|D2) (Ml]Dl) - (M2M1|M2D1+D )

which gives
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M,D +D, = D, = (1—M )XA . (6)

From P to Q we have

(e 12z)°

(Ml]Dl)(leDZ)(Ml]Dl)(MZIDZ)

= (MleMle|M1M2M1D2+M1M2D1+M1D2+Dl)

which gives

- -
M1M2M1D2+M1M2D1+M1D2+Dl = (l MP)XP . (7)

Now we insert m-straight sections at A, B, and all other
homologous locations. The new transfer matrix from P to Q

becomes

(MllDl) (-1]0) (M2|D2)(M1|Dl) (-1]0) (M2|D2)

= (MlMZMlMZ!MleMlDz—MlMZDl—MlD2+Dl).

Together with Egs. (6) and (7) this gives for the new periodic

x
dispersion vector at P, X, = (-—) '

2% = - -
@ MP)XP = M,M,M,D,~-M M, D,~M D +D;

M1M2M1D2+M1M2D1+M1D2+Dl~2Ml(M2D1+D2)

(1-M§)XP-2M1(1—MA)XA (8)

whence, we get

-1
= _ _ 2 _
AX. = X-X_ = 2(1 MP) Ml(l MA)XA. (9)
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To simplify the right-hand-side expression we note first

2\1 :L—M;2
(H“P) = T
dsinu
where U is the phase advance across one repetition length (not
including the 7-insertion). Furthermore,
- _ IRV D B BN
(l—MP )Ml = (l M2 Ml M2 Ml )Ml
_ m—l,-1 -1 -1} 2
= Ml(l Ml M2 Ml M2 ) = Ml(l MA )
and
-2 _ VRS | -1
@_MA )(1 MA) = (2 MA MA )(1+MA )
_ _ 1/2,.-1/2) -1/2
= 2(1 cosu)(MA +MA )MA
- Boqo -1/2
= 4c052(1 cosu)MA
=-1/2 ., .
where MA is the same as MA except with the phase advance U

L,

replaced by - 5 Altogether we have

AKX, = —2(1—M§)—1Ml(l—MA)XA

- - 1 M2 (1=
= 3 Ml(l M, )(1 MA)XA

2sin“u

o 1 -1/2

= — MlMA XA' (10)
cosz

M., is the matrix from the beginning of the repetition length

1
(point A' in Fig. 1) to P and by definition M- 172

n reduces the
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1/2

phase advance in M1 by %. Therefore, MlMA has the form

B
1 §§(005¢P+aAsin¢P) #BABPsin¢P
1 °a i
_/EZEF[(apvuA)cos¢P+(1+aAaP)81n¢§] /;%(éos¢P—aP31n¢P)
where

¢p = (phase advance from A' to P) -

rafe

and where all betatron oscillation functions Op s BA, Op BP and
the phases are values before the insertion of the m-straight
sections. Of course, Eg. {(1l1) can be derived also by straight-
forward computation. We are only interested in the first row
AxP of the vector Eg. (10) and since P is the running variable
point within the repetition length we can drop the subscript P.

This gives

COSl—J-

X
AX = X-x = = VB {(cos¢+aAsin¢)/§é + sin¢¢§£xé] (12)
A
2

with

=
H

(phase measured from beginning of repetition length) - %

I

(phase measured from "middle" of repetition length).

Eq. (12) can be derived in different ways, e.g., by matching the
solutions of the orbit equations of the orbit equation with
inversions at points A, B, etc. to form the closed orbit. The
derivation given above seems to be the shortest and most lucid.
The new dispersion orbit-length increment per repetition

length with the m-insertions is (The orbit-length increment in
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the w-straight section is zero.)
n/2_ u/2 L/2
X b 4 A
[ ded)-—] B"Bd(b'l‘[ 'D—Bd(b
~H/2 -u/2 ~u/2
L/2 <
X - 1 “A '
= Fy gd¢ [(C+GAS)/§— + S/Eg Xé] {13)
COSE A
-u/2
where
u/283/2
( cC = 5 cosd do
-u/2
4‘
u/283/2
5 = sing d¢
\_ P
/2
and p = p(¢) is the radius of curvature of the on-momentum

orbit. Now we see that because of the denominator cos %, by
judicious choice of p we can adjust the second term on the
right~hand-side of Eq. {13) to cancel the first term to give

zero dispersion orbit-length increment or infinite Y-

IV. CRUDE ESTIMATE AND EXAMPLES

To give a simple example let us assume that the m-straight
sections are inserted at locations where Op = 0, hence XA = 0.
The condition for zero dispersion orbit-length increment Eq.

{13) then gives
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n/2 %
X C B
< gd¢ = s (14)
P cos% BA
-u/2

Now, for a very crude estimate we have

h/2 /2 3/2 w2 3/2
3
C =‘ g cosd d¢o = <B \ ‘ cos ¢ d¢ = 2 <ﬁ > sin
/2

-u/2

(15)

e

/ . . . .
where K > denotes some kind of average value in the periodicity

length from - 2o B, also

2 2
/2
Cre @O [Cu @ o
~u/2 ~u/2

3/2
>

where / ) again denotes some kind of average. Assuming ﬂ—__".

in Eq. (15) to be roughly equal to that in Eq. {16) and since
X

/~ is more or less constant in a normal lattice, hence(Q5>55J§é

A
we obtain by substituting Egs. (15) and (16) in Eg. {(14)

= 3
5 tan 5 . {(17)
Let
U= (2n-1)m-27e n = integer.
We have
tan % = cot e
and
27mv = N(u+7m) = 2mnN - 27eN
or

v = nN - €N (18)
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where N is the number of symmetrically inserted w-~straight
sections and v is the betatron oscillation wave number includ-
ing the m-insertions. In the first place v must have a value

(integer) #* x Setting eN =

I we get

==

(19)

I
2]

and that the integral part of v must be a multiple of N. Solv-

ing Eg. (18) for n in terms of v and inserting into u we get

_ v 1
n = 2 (ﬁ -2'-). (20)
Substituting Egs. (19) and (20) in Eg. (17) we get
~ L1 )
v = N,\-z'-' + T cot m) . {21)

This equation gives an approximate upper limit of v for a given

number N of m-insertions. For low values of N we have

N A N Y

1 0.82 6 17.5
2 2.54 7 23.3
3 5.06 8 29.9
4 8.40 9 37.2
5 12.5 10 45.4

Suppose we use FODO cells similar to those of the NAL main
ring and insert 6 (N = 6) m-straight sections to build up an
infinite—yt lattice for 400 BeV and v = 18-% {n = 3). There
are 15 normal cells in between two m-insertions. At 400 BeV
the orbit parameters obtained from computer runs using SYNCH

are
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orbit radius = 988.0 m
bending magnet field = 19.225 kG

quadrupole field gradient = *213.0 kG/m
Vo = 17.772
v, = 17.818

Yy

2 -1811 mid-D insertion
'Y ==

t -4778 mid-F insertion

Cther parameters are given in the SYNCH output attached. Instead

of Ye which may be imaginary we print out Yi. The two values of
Y correspond to the cases in which the n-straight sections are
inserted in the middle of either the defocusing or the focusing
guadrupoles. The large negative YE values (instead of «) indi-
cate that we have overshot in reducing the dispersion orbit-
length increment and the increment is actually slightly negative
in both cases (negative momentum compaction). This is presumably
because the Vo values chosen are closer to 18 than %.

The B-values are rather large in the m-~straight sections
which is inherent in the design of the m-straight section. &
serious drawback of these lattices is the very large local maxi-
mum x (xp or xeq) which makes wvery stringent demand on the magnet
aperture at these locations. This is, of course, inherent in the
method employed to compensate for the dispersion orbit-length
increase. These large local maximum x can be reduced by increas-
ing the number of m-insertions (say, from 6 to 9).

The modifications of SYNCH to print out Yi was made by Dr.

J. MacLachlan. His assistance is gratefully acknowledged.
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